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ABSTRACT. This paper develops a notion of kth measure of irreducibility
and kth measure of full indecomposability. The combinatorial properties of these
notions, as well as relationships between these notions, are explored. The results
are then used in converting results on positive matrices into results on nonnegative
matrices.

Let n>2 bean integer, N= {1,2,--+, n}. All matrices considered
shall be n x n and nonnegative. Let

u(4) = min max  a;\,
RNC=Z;IRI+ICl=n-k \ i€ER;jEC

k=0,1,---,n-2, and R, CC N with [S| denoting the number of ele-
ments in set S. Verbally, u,(4) is computed as follows. Choose the largest
entry in each |R| x |C] submatrix of 4 not cqntaining an entry from the
main diagonal, where |R| + ICl=n —k. u;(A) is then the smallest of all
these numbers. For example, if

1 10
A=121 3],
1 2 2

then uy(4) =1, u,(4) = 0. Note that u,(4) is independent of the main
diagonal entries, i.e. u,(4) =u,(4 + D) for any diagonal matrix D.
Further, set

U,4) = min max = a;\,
IR|+ICI=n—-k \i€ER;jEC
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k=0,1,---, n—2. Verbally, U, (4) is computed as follows. Choose the
largest entry in each |R| x |C|] submatrix of A where [R|+ |Cl=n —k.
U,(4) is then the smallest of all these numbers. For example, if

110
A=[2 1 31}
1 2 2

then Uy(4) =1, U,(4) = 0.

We call u; the kth measure of A’s irreducibility, and U, the kth
measure of A’s full indecomposability. It is easily seen that u,(4) = u,(PAP")
for any permutation matrix P, hence u, isa P-invariant of A. Similarly,
as Up(4) = U, (PAQ), U, isa PQ-invariant of A.

The following properties are useful in reading the manuscript.

(1) uy(4) >0+ A4 is irreducible.

(2) Uy(4) >0+ A4 is fully indecomposable.

(3) u,_5(4) = miny;a;, U,_,(4) = min, ;a;;.

@ u,(4)=>U(4) forall K, 0<k<n-2.

(5) u(A)>u;,,(4) forall £, 0<k<n-3.

©® UA)=>U,,(4) forall K, 0<k<n-3.

(7) Let A denote a principal submatrix of A and nj; its order. Then

)= min uyd), U= min UyA).
ng=n-k nz=n-k
The above properties then indicate that u, and U, “in some sense” measure
the strength of A’s being irreducible and fully indecomposable, respectively.

Alternately, if A is stochastic we may say that u, and U, measure the dis-
tribution of the entries of A.

Initial results. A relationship between u, and U, is established in [3,
p. 33] by showing that
uy(4)>0* Uy4 + D)> 0,

where D is any diagonal matrix with positive main diagonal.
This may be generalized, by the same argument, to the following statement.

LEMMA 1. u,(4) >0 U (4 +D)> 0, where D is any diagonal
matrix with positive main diagonal.

Let A, = {4lu;(4) >0} and A, = {4|U;(4) > 0}. We shall say that
A is minu, if u,(4)>0, and for each g; >0, u, (4 —a;E;) =0, where
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Ey; is the (0, 1)-matrix with a 1 only in its jth position. Min Uy is defined
similarly. In the literature, the minimal members are known as follows.

(1) Minimal members of A, are called “nearly reducible” [4] or in the
language of graph theory, “minimally connected”.

(2) Minimal members of A, are called “nearly decomposable” [12].

Concerning matrices with min U, or min u, we have the following.

LEMMA 2. Suppose U,(A)> 0. Then there is a matrix B = (b;) with
b <ay foreach i,j EN so that

¢)) Uk(B) = Uk(A): and

(2) B is min U,.

PrROOF. Replace each a; < Uy(4) in A by O yielding A= (a). Note
that U,(A) = U,(4). Now there are sets Ry, C, in N so that [Ryl + [Cyl =
n—k, andif a;>0,i ER, and jEC,, then a; = Uy(4). If 4 is not
min U, there is some a;;, in A4 so that Uy(A—a;; E;j,) >0 and hence

Uld ~a,; E ;)= U (A = U, (A).

As A-a;j,E; ;, has one more O than does A, we may obtain inductively
Gigjyp Bizizs” " " » Gigj, SO that

U - E‘lfl Eiiy — Eiziz Bigip =7"" E‘tirE‘tfr) = Uyd) = ;1)
and

A =8y By =80y Bigiy =7~ Cig Erg, = B 15 min U

Similarly for u, we have the following.

LemMA 3. Suppose u;(A) > 0. Then there is a matrix B = (b;) with
b,., <a,-, for each i,j EN so that

(1) ux(B) = u,(4) and

(2) B is min uy.

Explicit canonical forms for matrices with min U, and min u, may be
found in [4] and [12]. The structure of matrices with min U or min u,
for k>0 has yet to receive attention, although Richard Brualdi and Hazel
Perfect [2] have considered the diagonal structure of matrices A such that
U,(4) > 0. An interesting characterization which they obtain states that
U,(4) >0 if and only if A is fully indecomposable and each k + 1 positive '
entries, taken from different rows and columns, lie on a common positive diago-
nal [2, p. 389].

Conforming to Lewin’s notation [7], if x = (x;, x,, - - -, x,) =0,
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I,(x)= {ilx;>0} and I,(x) = {ilx;=0}. In [7, p. 755] it is shown that A
is fully indecomposable if and only if Vo(4x)| < I[o(x)l, ie. U, (Ax) > [ (x)I,
where I, (x)] >0 and [[,(x)| > 0. This result is then utilized to show that if
A and B are fully indecomposable then so is AB. Further, the result is used
to show the well-known fact that if 4 is fully indecomposable then 4”7~! > 0.
We generalize Lewin’s work by considering related questions concerning U,.

LEMMA 4. The following statements are equivalent:
(1) Uel)>0.
2) U Ax)| > min{n, U (x)| +k +1} forall x>0 with [ (x)|>0.

ProoF. For (1) = (2) set W, (x)l=s. Pick P, a permutation matrix,
so that Px =y with y, >0,y,>0,---,y,>0. Pick Q, apermutation
matrix, so that

4, 4

OAP' =

with 4,7 x s having no rows of zeros and A3 =0. (If r=n, 4; and
consequently A, are missing.) Now as U, (Q4P") = U,(4) >0, it follows
that if A, appears,as s+ (n—r)<n—-k—-1,r>s+k + 1. Hence
(QAP*)(Px) = (QAP)y =z issuch that z, >0,2,>0,* ",z .., >0 if
s+k+1<n and z, >0,2z,>0,-+,z, >0 otherwise. Therefore
U, (Ax)| = min{n, I, (x)| +k +1}.

For (2) = (1) suppose U, (4) = 0. Then there are rows R,, columns
Co with IRgl +|Col =n —k so that for i €ERy, j €C, we have a; =0.
Pick permutation matrices P and Q so that

A, 4,
oar A, A,)

where A3 is IRyl x |Gyl having entries in the rows R, and columns C, of
A. Now pick x sothat x; >0,x, >0, -, X0 >0, xico14+1 =0,
X, =0. Consider (QAP)x =y. Now y, o141 =0, *,¥, = 0. Therefore

U.,.(Q‘U’x)l = |1+(APX)| <n - IRo' = 'Co' +k= |I+(X)l +k,

a contradiction. Hence (2) = (1).

LEMMA S. The following statements are equivalent:
1) g >o.
(2) UoAx)| < max{0, UyC)l —k~1} forall x >0.
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ProOF. Note that if y >0, I, ()| + I,(»)| = n. The formula allows
the conversion of Lemma 4 into Lemma 5.

Direct applications of these lemmas yield the following corollaries. For
notational convenience we define U, = U,_,, uy =u,_, if k>n—2. Recall
that U,_,(4) = min, ;a;; and u,_,(A) = min;;a;.

CorOLLARY 1. If U,(4)> 0, U(B)>0 then U,,, ,(AB) = U(AU(B).

PROOF. Suppose x =0 and [/, (x)| > 0. Note that |I (4Bx)| >
U,Bx)l. If I (ABx)| <n then

I (ABx)| > 1, (Bx) +r+ 1= |[,(x)| +r+s +2.

Hence it follows from Lemma 4 that U, , ,(4B) > 0. Now, by Lemma 2, take
A sothat U,(4)= U/(A) and A is minimal U,. Select B similarly for B.
By the above argument U, ,, ,(4B) > 0. By definition U, ,(4B) >
U/(A)U/B). Finally

Upps41(AB) > U,y o\ (AB) > U(A) U(B) = U(4) U(B).

Utilizing the same techniques we may deduce the following corollaries.

COROLLARY 2. If k, 20,k, >0, ,k, >0 and Ukl(Al) >0,
Uy, (42) >0, -, U (4) > 0, then

Uk syt o oo wkgrs—1(1 4z 22 A 2 Uy (4,) Uy [(45) * * = Uy (4)).

For positive products this yields the following.

CorROLLARY 3. If k; 20,k, 20, ,k, =0 with k; +k, +
+k,+s—-1>2n-2 and Ukl(A,) >0, Ukz(A2)> 0,°°-, UkS(As) >0,
thenif A)A, - A= C=(cy), it follows that c¢; > Uy, (4,)Ux,(4,) - - -
Uk,(A,) foreach i€N,jEN.

ProOF. Note that Uy iy, 4. . -4xgs-1(C) > 0, ie. U, ,(C)>0.
Therefore by definition of U,,_,, ¢;; = Uy, (4,)Uy,(4,) - * - Uy (4,) for each
i€EN,jEN.

For a fixed measure of full indecomposability we have the following.

COROLLARY 4. If Up(4)>0 for i=1,2,---,s, forany s> [n k],
where [n, k] denotes the smallest integer larger than or equal to (m—=Djk+1),
it follows that

S S
Il 4:=C>0 and ;i = I1 U.4)), foreach iE€EN,jEN.
i=1 i=1

PrRoOF. From Corollary 3 we need to find an integer s so that sk +s—
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1 >n—2. Solving for s we have s = (n—1)/(k + 1). Hence s> [n, k].
For fully indecomposable matrices this result translates into the following.

COROLLARY S. Ifeach A; is fully indecomposable for i =1,2,+--,s5,
forany s>n-1, then Nj_,4;,=C>0 and ¢;; =M, Uy(4,), for each
iEN,jEN

All the above corollaries may be converted into results concerning u; by
using Lemma 1 and the following.

LEmMA 6. If D = diag(d,, d,, * * -, d,)) is a diagonal matrix with positive
main diagonal, then Up(A + D) > min{d,, d,, - - -, d,, u,(4)}.

ProoF. If u,(4) =0 the result is obvious. If u,(4) >0 then, by
Lemma 3, pick B minimal u; for which b; <a;, forall i j €N, and
ux(B) = uy(A). Since B is minimal uy, b; =0 forall i, and b; >u,(4)
forall b;>0,i#j. As u,(A)>0, by Lemma 1, U, (B +D) is a positive

entry of B + D so that we must have
U.(4 +B)y=2U,(B + D) =2 min {dy,d,, ***,d,, u(4)}.

Equality need not hold in this lemma as can be seen through the following
example. Let

011 1/4 0 0
A={1 0 0} and D=}f{ 0 1 0},
1 0 0/ 0 01
Then uy(4) =1, and
011
Ua+D)=U,{1 1 0]=1
1 01

As a conversion example, Corollary 1 may be changed to read as follows.

CONVERTED COROLLARY 1. Let D = diag(d,, d,, ***, d,) and D=
64,85, ,8,) have positive main diagonals. If u,(4)>0 and u (B)>0,
then

U,ps41[4 + D)B + D)]

>min{d,, dy," -, d,, u,(A)} - min{8,8,, -, 5, ul(B)}.



MEASURES OF IRREDUCIBILITY AND INDECOMPOSABILITY 363

Application to bounds for eigenvalues and eigenvectors. In this section we
show that the results previously obtained lead to some interesting bounds for
Perron vectors, the Perron root, and subdominate roots. In particular, we convert
bounds concerning positive matrices into bounds concerning nonnegative matrices.

In [11] it is shown that if B> 0 and x = (x,, x5, * * *, X,,)", a Perron
vector of B, then max, (x,/x;) <M/m, where M = max, b, and m =
min; ;b,;. Note also that if Up(4) >0, then A is irreducible and, hence, has
a positive Perron vector x.

THEOREM 1. If U 4)>0, and A has Perron vector x =(x;,X,, ***,X,)" then
x S - @ - 1)U )] ]

ii %j (U (4)] [n.k]
where S = max;Z,a;,.

ProOF. Let S(4) = max;Z,a; . Then it is easy to show that S(4™) <
S(4)™. By Corollary 4, A™*] = >0, with Perron vector x. As min, ¢;;
= [U, )] ™*]1, we have

max c; < skl _ @ - DU, (4)]%F],
i)i
The result is now immediate.

COROLLARY 6. If u;(4) > 0 with Perron vector x = (x;,x,, * * *, x,,)
then

xS+ 5@ — (1 - Dy @)]I"F)
max — < . .
i % [, )] 7]
PROOF. Apply Theorem 1 to the matrix 4 + u;(4) and use Lemma 6.
For bounds on the Perron root we add the following notations. Let

X.
. )
s = min (Z aik> and min — <3,
i k i Xi

where again x = (x,, x5, * * *, X,,)° is a Perron vector of A.
THEOREM 2. If U,(A) >0 then
SR 4+ [0, )] 174 (2 - 1) < [o(a)) 4]
< slmkl _ Uk(A)["":](l - 5).

PROOF. It is shown in [9, p. 153] that if B> 0, then s +m(1/8 —1) <
p(B) <S—m(1 - 8), where, of course, the s, m, and § referto B. Now by
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Corollary 4 we have for A4,

st 4 [, (3~ 1) < prayine)

< stwkl _ [u, )]n*11 - 5).
COROLLARY 7. If u,(A)> 0 then

s + G114+ (014 (3~ 1) < [od) + ()] 7]

<IS + DI — [ ()] 1*1(1 - 8).

Proor. Apply Theorem 2 to the matrix A4 + u,(A) and use Lemma 6.

Our initial results may also be used to determine bounds on subdominant
roots, i.e. by the Perron-Frobenius theory if A4 is primitive and u is an eigen-
value of A4, lul # p(4), then |ul < p(4). We find bounds on such subdominant
roots u.

THEOREM 3. If A is generalized row stochastic, i.e., all row sums are
equal, and U, (A)> 0 then

™ *T < [p(a)] 1 — (U )] ™ *1n.

PrRoOF. Lynn and Timlake [8, p. 147] show that if B> 0 and general-
ized row stochastic, then |u| < p(B) —m * n. The result then follows, as in the
previous theorem, from Corollary 4.

COROLLARY 8. If A is generalized row stochastic and u,(A) >0 then
e + uk(A)l[”'k] < [p(4) + uk(A)] [n,k] _ [uk(A)]["'kln.

PROOF. Apply Theorem 3 to the matrix A + u;(A) and use Lemma 6.

Application to Markov chain type problems and industrial production
processes. Our first result in this section concerns infinite products of nonnegative
matrices. In particular we have the following.

THEOREM 4. Suppose that for each A; (i=1,2,--*):

() maxr(4,) <1 where r{A) = i~ a;, for any matrix A.

() U (4)>p>0.

(c) There is a number 8,0 <8 <1, so that for each i thereisa j(i)
€N so that r;(4,) <8.

Then N ,A;=0. Further
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2[n,klm
maxr | [ A4 <[l -up™*@a-sm
j i=1

for each positive integer m.

ProoF. The proof is essentially given in [6].
A point of interest here is that U, is utilized in specifying a rate of
convergence for II;Z;A;. Another result in [6] as follows.

THEOREM 5. Suppose that each A; (i=1,2,- ) is row stochastic with
U A4) = u>0. Then ;2 A;=limy_, . (Ay - AA,)=A where A isrow
stochastic and rank one.

This result may be converted into a meaningful result of Markov chain type
as follows.

COROLLARY 9. Suppose that each A; (i= 1,2, ) is row stochastic
with U, (A;) = p > 0. Further suppose that there is a vector y > 0 so that
YA;=y for i=1,2,---. Then ;. A; =limy_ (4,4, - Ay) isrow
stochastic and rank one.

PROOF. As yA;=y for i=1,2, -, there isa diagonal matrix D =
diag(y,, ***, »,) sothat DA;D™" is column stochastic and, hence, (DA,D™!)!

=D7'A!D is row stochastic. Further there is some w >0 so that U (D'4ID)
=w for i=1,2," " and, hence, from Theorem 5,

A=]] @0 '4!D)= lim (D14} --- A34\D)
i=1 N->oo

= lim (DA,A4, - AyD7'Y,
N—oo

where A is rank one and row stochastic. Therefore

lim (DA,A, * - AND‘1)=D[lim A,4, ---AN)]D“ = At

N—oo N—oo

and so limy., (4,4, -+ Ay) =D 'A'D. It is clear that D~ A’D is rank one.
Further D™'A'D is row stochastic as each 4,4, * ** A, is row stochastic and
the row stochastic matrices form a closed set.

As a consequence of this corollary we have the following.

COROLLARY 10. Suppose each A; (i=1,2,+ - ) is doubly stochastic
with Up(A) = u>0. Then
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I14,= im 4,4, - 4y)=4= (i—)
i=1 N-oo

ProOF. Note that ed; =e for i=1,2, - where e=(1,1,--,1).
Hence limy._, (4,4, - - Ay) =A is rank one. As the set of doubly stochastic
matrices forms a closed set and each 4,4, - -+ Ay is doubly stochastic, it
follows that A is doubly stochastic. Finally we note that the only rank one
doubly stochastic matrix is (1/n).

The result may be interpreted in terms of Markov chain type problems as
follows. Let A, represent the matrix of transitional probabilities of an » state
system at time ¢; for i=1,2,---. If A4,, 4,, - satisfy Corollaries 9 or
10, then the system has final transitional probabilities given by A. Further
results in this regard may be very beneficial.

Our next result extends a theorem of Richard Bellman [1], which has
application to industrial production processes. '

THEOREM 6. Suppose for k=1,2,- -, n welet A,(q,) bea non-
negative n-dimensional row vector depending on q, € S;, some finite set. Let

Al(ql)

Az(‘lz)
A@) = .

A,(,),
where ¢ =(q;, 42 " ",4,) ES=S, x 8, x**+xS,. Consider the equation
) M= max ) au @)y, i=1,2,000,n
If A(q) has no zero columns for each q €S then (1) has a nonzero solution

y20. If Uy[A@)] >0 foreach q €S then y >0 and is unique up to a
multiplicative constant. Further, in this case, \ = max,egsP [A@)].

ProoF. We first show that a solution to (1) exists. For this consider the
set Y= {ylp;=0 and Z;y; =1} and the mapping of Y into R" defined
by '

MG)], = max 3 ai,,@,.)y/z max 3 4 (q)Ve
q k I a9 K
Now

E max Z a,'k(qj)yk = E Z ajk@)yk
Jj a & j k

for some ¢ =(q;, 4, " ", 4q,) and so
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2 X 4@y = L CGlA@Iy, >0
i

as Ci[A(q)], the kth column sum of A(g), is positive. Therefore M isa
continuous mapping from Y into Y and hence has a fixed point y. Thus (1)
has a nonzero solution.

Suppose now that U,[4(g)] >0 for each gq. Then by Corollary 5,
AW )DAW,) * - - AWw,_;) = Bw,, wy, ***, w,_) >0 forall (w;, wy, ",
W,—1) €S"1. Consider the equation

?) Bz;= max 3 bWz, i=1,2,:,n
. wesh—1 &k

By Bellman’s result [1, p. 199], (2) has a unique positive solution $ and a solu-

tion z> 0 which is unique up to a multiplicative constant. For B(q, q, " -, q)
= MI"Z1A(g), it is easily seen that

An-‘lyi: max Z bik(w)yk= Z bik(-q-’aa...sa)yk’ l=l3 2:".”1-
wes”‘l k k
By uniqueness then we have \"~! =8 and y = ¢z for some scalar ¢. Further,

by Bellman’s result [1, p. 199],
N1 = max p[B(W)] = p[B@, 7, * * * , D] = plA@I" .

w
Therefore A = max,p[4(¢)].
An interesting side result of this proof is as follows.

CoroOLLARY 11. If

A, B, C(q,)
A=l - |20, B=| - |>0 and C@g)=
A, B, @)

with ((q;) = Ay or By, thenif Uy[C(q)] >0 for each q it follows that
P(AB) < maxp[((g)] 2.

PROOF. By utilizing the latter part of the proof of Theorem 6, we may
show that p(AB)"/? < max,p[C(g)]" if n iseven, or p(4B)"+1)/2 <
- max p[A@))"*! if n is odd. Thus p(4B) < max,p[(q)]>.

For example if
1/3 2/3 1 /1 2
A= and B=- s
1/3 2/3 4\3 2



368 D. J. HARTFIEL

then p(4) =1, p(B) =1, yet p(4B) = 13/12. Note however that

1/3 2/3 5+ \/73
3/4 1/2 12
and that -

13/12 < ((5 + VT3)/12)2.

This seems an interesting inequality in itself as there are few known bounds on
p(AB).

Summary. In summary, our initial results lay down the combinatorial prin-
ciples of the concepts U, and u,. This is followed by our application sections
indicating the usefulness of U, and u, in converting positive matrix results
into nonnegative matrix results. Conversions other than those presented herein
are no doubt also possible.
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